This paper first makes a simple remark about the structure as a group of the ideal class group of any algebraic number field, then studies the 2-rank of the ideal class group of any cyclotomic field whose maximal real subfield has odd class number, and finally determines the structure of the ideal class groups of some cyclotomic fields.
1
Let Q denote the rational field, Z the additive group of (rational) integers, and N the set of positive integers. The Euler function will be denoted by tp as usual.
Let K be any finite extension over Q contained in the complex field, and let p be any prime number. Let A denote the p-class group of K, i.e., the Sylow p-subgroup of the ideal class group of K, and let X denote the set of subfields k of K such that Tí is a cyclic extension over k , p does not divide [K : k], and p does not divide the class number of any intermediate field of K/k other than K. Noting that K belongs to X, let / denote the least common multiple of the orders of p modulo [K : k] for all k £ X. We understand that / = 1 if X = {K} . Let t be the non-negative integer such that \A\ = p'. For each finite abelian group M, let r(M) denote the rank of M. We then have Theorem 1. The positive integer f divides t, and A ^(Z/p<¡fZ)f in case r(A) = f (Z/p2Z)f © (Z/pZ)'-2f in case r(A) = t -f. Proof. Let n be any non-negative integer. Let An denote the factor group of A modulo the group of the pn-th powers of all ideal classes in A . Then Theorem 2.14 of [7] implies that r(An) is divisible by the order of p modulo [Tí : k] for every k £ X. Thus f\r(A").
We therefore see that A is isomorphic to a direct sum of / copies of a finite abelian p-group. From this, the theorem follows immediately. It is also clear that t>2f if r(A) = t-f. Now, we define ¿ to be the dimension of the subspace of the vector space V spanned by B over F2. Let 7i+ denote the maximal real subfield of Tí : K+ = Q(cos ^). We write h for the class number of K and h+ for that of Ti+.
Theorem 2. Assume that h+ is odd. Then the following assertions hold:
Proof. The assertion (i) is nothing but Theorem A of [1] . We shall prove (ii), (iii), and (iv). Let E be the unit group of Tí , E+ the unit group of K+, E* the group of all totally positive elements of E+ , and E' the group of all elements of E+ contained in the image of the norm map K -» K+ ;
Note that just one or no prime ideal of 7i+ is ramified in K according as g = 1 or g > 2. Since h+ is odd by the assumption, the group of ambiguous ideal classes for K/K+ in A coincides with {c £ A \ c2 = 1}. Therefore, by the well-known formula for the number of ambiguous ideal classes, r(A) = ^--r(E+/E') if g=l, = ^-r(E+/E')-l if g>2.
We further obtain E' = E* from Hasse's norm theorem and product formula, because at most one prime ideal of K+ is ramified in Tí . Thus Let C and C+ denote respectively the groups of circular units of Tí and K+ in the sense of Sinnott [10] , namely, let C = PnE, C+ = CnE+, where P is the subgroup of the multiplicative group of K generated by 1 -Çm for all a £ Z with m\ a . Let W be the group of roots of unity in Tí so that W is a cyclic group generated by -£m . Note that W ç C, and put W2 = {Ç2 | £ G IV} . Let x denote the homomorphism C -> W such that x(e) = e/e for every e g C, e being the complex conjugate of e. Then x~x(W2) = C+W, whence x induces an injective homomorphism C/C+W -► W/W2. Therefore, aeR"($)})\J{l-C"\neT}, whence (almost similarly as discussed in [3] for the case m -65 ) we know from (2) that C+ is generated by
In the case g = 1, it is clear from (2) Hence, by (1), the assertions (ii), (iii), (iv) are proved.
We shall see in this section how Theorems 1 and 2 are used to determine the structure of the ideal class groups of some cyclotomic fields. For each n £ N, €" will denote the ideal class group of Q(C").
By definition, d equals the rank of a matrix whose rows coincide with the vectors in B. We can therefore compute the value of d in an elementary manner as long as m is relatively small. For instance, if m = 65 = 5 • 13 , then we have d = 19 (cf. [3] ), and we know h+ = 1 from Example 4.4 of [7] ; so r(A) = 4 by Theorem 2 while h = 26, €^ = A, and / = 2 in virtue of the calculations in [2, 5] . Therefore, by Theorem 1, 
